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 .Let X, 0 be a non]log-canonical, quasi-homogeneous surface singularity germ.
 .And let G ; Aut X, 0 be the maximal reductive subgroup. In this paper we bound
the order of GrCU by yP ? P, a purely topological invariant. Hurwitz's theorem
comes out as a corollary. We use the standard approach of taking the quotient
 .space of X, 0 by the action of a finite group of automorphisms acting freely on
 4X y 0 . Q 1998 Academic Press
Contents.
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1. INTRODUCTION
Hurwitz's theorem for a smooth projective curve of genus g G 2 bounds
<  . <  .  .the order of the automorphism group, Aut C F 84 g y 1 s 42 deg K ,
w xand the bound is dependent only on topological data. In 16 , Xiao proves
the analogue of Hurwitz's theorem for a smooth projective surface S of
general type. Letting K denote a canonical divisor, the theorem states that
<  . < 2there is a general universal constant coefficient c such that Aut S F cK .
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 .In the local situation, if X, 0 is a germ of a quasi-homogeneous Goren-
stein surface singularity, with graded coordinate ring R, then we bound the
U  .order of GrC , where G ; Aut R is the maximal reductive subgroup
 .Section 3 . The bound we find, which is essentially yP ? P, is a topological
 .invariant of X, 0 . This is the content of the following theorem:
 .  .THEOREM Theorem 2 . Let X, 0 be a non]log-canonical, quasi-
homogeneous Gorenstein surface singularity. Suppose there is a fixed no-
 4 < U <where zero holomorphic 2-form on X y 0 of degree d. Then GrC F
 . .42rd yP ? P .
Note that the Gorenstein condition guarantees the existence of the
2-form. Log-canonical singularities are precisely the singularities for which
yP ? P s 0. In Corollary 4, we show that the previous theorem reduces to
Hurwitz's bound when X is a canonical cone over a nonhyperelliptic
curve. We prove more generally:
 .  .THEOREM Theorem 3 . If X, 0 is a cone o¨er a smooth projecti¨ e
U  .  .cur¨ e C of genus g G 2, then GrC ; Aut C . Suppose further that X, 0 is
the cone o¨er the canonical embedding C ; P gy1. Then G is equal to the full
 . Ugroup of graded automorphisms of the coordinate ring of X, 0 and GrC s
 .Aut C .
< U <  .Thus GrC s 84 g y 1 whenever X is a canonical cone over a curve
<  . <  w xC such that Aut C takes on its maximum value see 4 for these criteria;
.also Example 5 .
Our proof of Theorem 2 follows a standard theme. We take the quotient
space of X by the action of a finite group of automorphisms G which in
 4. < U <our case acts freely on X y 0 . Estimates of GrC on X are obtained
 .  .by relating yP ? P and yP ? P . This relation is analogous to theX X r G
<  . <use of the Riemann]Hurwitz formula in bounding Aut C .
Finally, Section 2 contains our notation conventions; there are a couple
 .of examples in Section 5, one of which shows that there is an expected
< U <  . .singularity which takes on the bound GrC s 42rd yP ? P . There are
w xmany more examples in 8 . In this work Muller actually finds the maximalÈ
reductive subgroup in a number of instances.
2. NOTATION
 .  .  .Fix a normal surface singularity germ X, 0 . Let p : Y, E ª X, 0 be
a good resolution, not necessarily minimal, and E s D E the exceptionali
 .set. Let K be a canonical divisor on Y. If X, 0 is Gorenstein, then K is
an integral divisor supported on E; otherwise K is Q-Cartier. Suppose
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w xP q N s K q E is the Zariski decomposition 11 of K q E; we briefly
remind the reader of this decomposition. Both P and N are Q-divisors
supported on E which satisfy the following properties:
1. N is effective.
2. P ? E s 0 if E is in the support of N.i i
3. P ? E G 0 for all E .i i
The self-intersection number yP ? P, which is a nonnegative rational
number, is a topological invariant of the link M s X l S2 ny1. It can be
computed directly from any good resolution dual graph G; the only
ambiguities for this identification M ; G are in the cases of cusp and
w x  .cyclic quotient singularities 9 . However, these are log-canonical LC
singularities, for which our invariant vanishes anyway yP ? P s 0 m K q
.E is effective . The total list of log-canonical singularities is described in
w xdetail by Kawamata 6 . Briefly, they consist of simple elliptic singularities,
cusp singularities, smooth points, and quotients of these by a finite group.
Aside from topological invariant, yP ? P is a characteristic number Sec-
w x.  .tion 3 or 12 and is independent of the resolution of X, 0 .
 .  n .For the remainder of the paper, X, 0 ; C , 0 will denote the germ
of a quasi-homogeneous Gorenstein surface singularity. We will assume
 . w xthroughout that X, 0 is not log-canonical. Let R s C x , . . . , x rJ be1 n
 .the graded coordinate ring of X, 0 . The ideal J is generated by weighted
 .homogeneous polynomials relative to weights, say, q , . . . , q . Thus1 n
  . i  .4R s [R has grading R s f g R: f tx s t f x . If we assume that thei i
weights are all positive, then the grading on the coordinate ring if equiva-
U w xlent to the existence of a good C -action on X 10 .
0  4 2 .By the Gorenstein condition, the dualizing sheaf H X y 0 , V is a
free graded R-module of rank one. Fix a graded generator v ; v is a
  4.nowhere zero holomorphic 2-form on X y 0 . The degree d of v is the
integer such that R corresponds to Cv in the dualizinig module Rv.yd
Equivalently, tv ª tydv under the CU-action. For non]log-canonical sur-
w xfaces, d is strictly positive 14, Corollary 3.3 .
Let
G ; Aut R .
w xbe the maximal reductive subgroup as in 5, 8, 13 , where every reductive
 . 0subgroup of Aut R is conjugate to a subgroup of G. Let G ; G be the
 .connected component of the identity. If, as in our case, X, 0 is quasi-ho-
mogeneous and not a cyclic quotient singularity A , then G0 s CU.n, q
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3. QUASI-HOMOGENEOUS SINGULARITIES
U w xAs C is in the center of G 13, Prop. 3.10 , G preserves the grading on
U  .R. To verify this, take f g R and g g G. Under the C -action, f t¨ ss
s  .  . s  . s . .t f ¨ ; thus gf t¨ s gt f ¨ s t gf ¨ . G also preserves the grading on
 .Rv and, in particular, G Cv ; Cv. Accordingly, there is a surjective
morphism I: G ª CU which sends g to a , where a is defined by theg g
property gv s a v. Surjectivity follows from the fact that if g g CU theng
gv s gydv and d / 0. The group of symplectic automorphisms
 4G s g g G: gv s v
is simply the kernel of I. Automorphisms preserving the grading on R are
 .called equivariant automorphisms of X, 0 . We will often use the notation
 .  .G ; Aut R and G ; Aut X, 0 interchangeably. In the following proposi-
tion consider G as a subgroup of the equivariant automorphisms acting
 .on X, 0 .
 .LEMMA 1. If X, 0 is a non]log-canonical, quasi-homogeneous Goren-
stein surface singularity, then G has the following properties:
 .a G is finite.
 .  4b G acts freely on X y 0 .
 .c XrG is Gorenstein.
 . < <  .d G F 42 yP ? P .
U U .  .Proof. a The surjective mapping G ª GrC has kernel G l C ,
U Uyd .Z g g G l C « gv s g v s v . Thus GrC , GrZ . The order ofd d
the group GrCU is simply the number of connected components of G.
Thus G is finite with order
U< < < <G s d GrC . 1 .
 .  .One can see from here that Theorem 2 will be proven by 1 and part d
of the lemma.
 .b Suppose a nonidentity element g g G fixes a smooth point q on
X. Let H be the finite cyclic subgroup generated by g. Take an H-in-
variant analytic neighborhood U of q and choose analytic coordinates
 .  .x, y such that q s 0, 0 . The action of H can be linearized so that
 .H ; GL 2 on U. Let a nonidentity element g g H be represented by the
l 01 .diagonal matrix . We claim that neither eigenvalue is equal to 1. If0 l2
 .  .  .v s f x, y dx n dy, then gv s l l f l x, l y dx n dy s f x, y dx n dy1 2 1 2
since g fixes v. But f has a nonzero constant term, which forces
l l s 1. Since g was chosen to be nontrivial, neither l s 1, so q is an1 2 i
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isolated fixed point for g. By restricting to a small enough neighborhood of
 4  4the singular point 0 , G acts freely on X y 0 . Now consider the covering
p : X ª XrG.
 .c It is well known that under our circumstances XrG is normal. It
now remains to construct a nowhere zero holomorphic 2-form on XrG y
 4  40 via p . For any q g XrG y 0 , let U be an evenly covered neighbor-
 4n y1 .hood of q. Let V be the slices of p U ; for each i there exists ani is1
;  4  4isomorphism h : V ª U from X y 0 ª XrG y 0 . Define a local 2-i i
X X  < .form, v , on U by letting v s h v for any i. This definition isÇ VU U i i
 4independent of the choice of i for v is G-invariant. Cover XrG y 0 with
 4 Xsuch evenly covered neighborhoods U and define a 2-form v onq
X X X 4 <XrG y 0 by the restrictions v s v . Clearly, the v patch togetherÇU U Uq q q
<  4since the v patch on X y 0 .Vi
 .d We quickly review two properties of the invariant yP ? P; proofs
w x w xcan be found respectively in 12 and 3 . The first was mentioned in
Section 2: yP ? P is a characteristic number. In our context, this means, if
 .  X .X, 0 ª X , 0 is an m-sheeted cover of normal surface singularities
 4  .X Xwhich is unramified off 0 , then yP ? P s m yP ? P . The secondX X X X
property is that for all non]log-canonical Gorenstein singularities we have
 .  .  .the inequality yP ? P G 1r42. Now by a , b , and c we have just such
X X< <  .a G -sheeted cover X ª XrG s X of a Gorenstein singularity X , 0
 .and XrG is not log-canonical because X is not log-canonical . Whence
< < . < < . < <X XyP ? P s G yP ? P G G 1r42 , from which it follows G FX X X X
 .42 yP ? P .X X
 .THEOREM 2. Let X, 0 be a non]log-canonical, quasi-homogeneous
Gorenstein surface singularity. If v is a fixed nowhere zero holomorphic
 4 < U <  . .2-form on X y 0 of degree d, then GrC F 42rd yP ? P .
U . < < < <  . < <Proof. Combine 1 : G s d GrC with the inequality from d : G F
 .42 yP ? P .
4. HOMOGENEOUS SINGULARITIES
 .  .Let X, 0 be the cone over a smooth nondegenerate projective curve
ny1 w xC ; P with homogeneous coordinate ring C x , . . . , x rJ. If C is a1 n
nonhyperelliptic curve of genus g G 3, then it is well known that KC
gy1  . gy1embeds C into P and K f O 1 . In this case the image of C in PC C
 .is called the canonical cur¨ e. When X, 0 is the cone over a canonical
 .curve C, X s X C, K is called the canonical cone.C
 .THEOREM 3. If X, 0 is a cone o¨er a smooth projecti¨ e cur¨ e C of genus
U  .  .g G 2, then GrC ; Aut C . When X, 0 is the canonical cone, G is equal
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 .to the full group of graded automorphisms of the coordinate ring of X, 0 and
U  .GrC s Aut C .
w x  .Proof. Let R s C x , . . . , x rJ be the coordinate ring of X, 0 and1 n
 .H ; Aut R the subgroup of all graded automorphisms. Viewing G ; H
 .as equivariant automorphisms of X, 0 , the first statement of the theorem
U  .is verified by confirming the inclusion HrC ; Aut C . From the identifi-
  4. U Ucation X y 0 rC s C, it follows that C acts trivially on C and
equivariant automorphisms of X leave C fixed, thereby inducing automor-
phisms on C. This defines a homomorphism
u : H ª Aut C , .
U  . U  .with C ; ker u . To see that C s ker u , let s g H. As the ideal J
contains no linear polynomials, s is determined by its action on the
 .C-module generated by x , . . . , x . Seeing that s is graded, it lifts to a1 n
w x   ..linear automorphism s of C x , . . . , x an element of GL n, C andÃ 1 n
hence to P ny1. Now, if s g H is not in CU , then s cannot be in the kernel
 ny1.  .of u . For, s g Aut P m s g PGL n y 1, C , whence the fixed pointÃ Ã
locus of s in P ny1 consists of a union of points and linear subspaces. ButÃ
ny1  . <C is nondegenerate in P ; therefore we must have u s s s actingÃ C
nontrivially on C.
 .Referring to the second assertion in the theorem, suppose X s X C, KC
 mn.is a canonical cone and R s [G C, K . We establish that H s G andC
u is surjective. Since C is nonhyperelliptic, R is generated in degree one
w x2 . For surjectivity, any automorphism of C sends K to itself and,C
consequently, lifts to graded automorphisms of R. By definition, G is the
maximal reductive subgroup; hence the equality will follow from observing
that H is also reductive. First note HrCU is reductive because it is finite.
This makes H reductive: by general group theory H is the extension of the
reductive group CU by the reductive group HrCU :
U U0 ª C ª H ª HrC ª 0.
A corollary is Hurwitz's bound in the nonhyperelliptic case.
 .COROLLARY 4 Hurwitz . Let C be a nonhyperelliptic cur¨ e of genus
<  . <  .g G 3. Then Aut C F 84 g y 1 .
Proof. This is not a novel proof of Hurwitz's theorem, for Theorems 2
and 3 both depend on proofs following a similar argument. Let X s
 .  mn.X C, K be the canonical cone over C. Since R s [ G C, K andC CnG 0
 mn.Rv s [ G C, K , the degree of v is d s 1. By Theorems 3 and 2,C XnG1
<  . < < U <  .Aut C s GrC F 42rd yP ? P . The resolution graph of X is a single
 .exceptional curve E f C of genus g and self-intersection y 2 g y 2 . One
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can easily verify that K q E s yE, N s 0, and P s yE. Thus yP ? P s
<  . <  .2 g y 2. Plugging in the above, Aut C F 84 g y 1 .
5. EXAMPLES
EXAMPLE 5. According to Theorem 3, if C is an curve which achieves
 w xHurwitz's bound and there are infinitely many of them 1, Theorem 5.7
 . < U <and X C, K is the canonical cone over C, then GrC also takes on itsC
bound.
EXAMPLE 6. Conversely, Theorem 2 is not always ideal, especially in
some simple situations. For example, suppose X is non]log-canonical and
 . a b c  .given by f x, y, z s x q y q z , where a, b, c s 1 and 1ra q 1rb q
U  .  bc ac ab .1rc - 1. The C -action on X is t x, y, z ¬ t x, t y, t z , giving us
 .weights bc, ac, ab . Then for non-RDP, quasi-homogeneous hypersurface
singularities,
12 2yP ? P s abc y bc y ac y ab rabc s 1 y 1ra y 1rb y 1rc .  .
abc
w x  w x.  cy1.by 12 or indirectly 15 . Let v s 1rz dx n dy be a graded genera-
0  4 2 .  .tor of H X y 0 , V ; the degree of v is abc y bc y ac y ab . Thus,
< U <  . .by Theorem 2, GrC F 42 1 y 1ra y 1rb y 1rc . Though, in this
case, we can do better, actually showing G s CU. To this end, any s g G
 .preserves the weights, and so must be of the form s : x, y, z ªu, ¨ , w
 . U a b cux, ¨y, wz , where u, ¨ , w, m g C and u s ¨ s w s m. Taking t as
U  .  bc ac ab .below, s comes from the good C -action t x, y, z ¬ t x, t y, t z .
t s u1r bc¨ 1r ac w1r ab rm2r abc . .
< U <  .We remark here that the upper bound GrC F 42 1 y 1ra y
.  .1rb y 1rc found above assumes the actual order of one if a, b, c s
 .  . 2, 3, 7 and X, 0 is the D -triangle singularity this is not surprising, as2, 3, 7
D is the only singularity for which yP ? P attains its minimum nonzero2, 3, 7
w x.lower bound of 1r42 3 . This leads us to
 .Conjecture 7. If X, 0 is not a cone, the D -triangle singularity is2, 3, 7
< U <  . .the unique singularity for which GrC s 42rd yP ? P .
 . n  .QUESTION. Suppose X, 0 is Gorenstein of the form z s f x, y and f is
 .not a weighted polynomial e¨ery hypersurface is Gorenstein . We ha¨e no
< <grading and thus no symplectic group G to di¨ ide out by. Howe¨er, Z actsn
as an automorphism group of order n; what is the best bound?
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